We consider a problem of fracture mechanics for a hub of a friction pair during operation. It is assumed that near the friction surface the hub has a rectilinear crack of length 2' 1 . A criterion and a method for solving the inverse problem of fracture mechanics on definition of the function of displacements of external contour points of the hub of a friction pair with regard to temperature drop in the details of friction pair is given. The found function of displacements of external contacts points of the hub provides increase of load-carrying capacity of the friction pair. Calculation for a friction pair applied to the borehole sucker-rod oil pumps was considered as an example.
Introduction
The life of a friction pair in considerable degree is determined (Goryacheva, 1998 (Goryacheva, , 2001 by the efficiency of a hub, stress distribution in the zones of interaction of friction pair details. Practice of exploitation of friction pairs of transport vehicles, oil-field equipment shows that at repeated reciprocating motion of a plunger, the fracture of the hub of a friction pair occurs in spots of actual touch in thin surface layers by microcraking, with which the hub lives the substantial part of its life. In this connection, it is necessary to carry out limit analysis of contact pair details to establish that the would-be initial cracks allocated adversely will not grow to catastrophic sizes and will not cause fracture during its life. The size of the initial crack should be considered as a design characteristics of the material.
As is known, real treated surfaces are never absolutely smooth but always have micro-or macroscopic irregularities (of technological character) forming the rough surface. Despite the extremely small sizes of such irregularities, they affect the different service properties of tribo-conjugation (Bhushan, 1998; Carbone and Bottiglione, 2011; Czifra and Horvath, 2011; Thomas, 1982) . In the contemporary stage of engineering, optimal design of friction pair details providing increase of efficiency of friction pair elements is a of great value (Gadzhiev and Mirsalimov, 2004; Halouani et al., 2014; Mirsalimov, 2006a , 2006b , 2008 , 2009a , 2009b , Mirsalimov et al., 2013 Meng et al., 2014; Sayyad and Kumar, 2012; Shang et al., 2013) . The solution of a mechanics problem on definition of such a function of displacements of external contour points of a hub at which the stress field formed by it would decelerate the crack growth in the hub is of considerable interest.
Problem statement
Let us consider the stress-strain state of a hub of a contact pair. During operation of the friction pair ''a hub -plunger,'' there happens force interaction between contacting surfaces of the hub and plunger, there arise friction pairs that lead to wear of mating materials. For determining the contact pressure, it is necessary to consider (Goryacheva, 1998 (Goryacheva, , 2001 ) a wear-contact problem on pressing a plunger into the hub surface.
Let to internal surface of a hub with mechanical characteristics G (shear modulus) and (Poisson ratio) on some area be pressed a plunger with mechanical characteristics G 1 and 1 . It is considered that on the external contour the hub of a friction pair has some displacements. The function of these displacements is not known in advance and should be determined in the solution process of the optimization problem from the additional condition.
It is accepted that the plane strain conditions are fulfilled. The operation modes of the friction pair at which there may arise residual deformations, are unacceptable.
Let in an elastic hub near the friction surface there exist a rectilinear crack of length 2' 1 ( Figure 1 ). Refer the hub to the polar system of coordinates r, having chosen the origin of coordinates in the center of the circles L 0 and L of radii R 0 and R, respectively. In the center of the rectilinear crack allocate the origin of the local system of coordinates x 1 O 1 y 1 whose x 1 axis coincides with the line of the crack and forms the angle 1 with the axis x (see Figure 1) . It is assumed that the crack faces are free from external loads.
The condition connecting the displacements of the hub and plunger is written in the form
Here, () is the settlement of the points of surfaces of the hub and plunger determined by the form of the internal surface of the hub and plunger, and also by the magnitude of the compressing force P; ( 2 -1 ) is the magnitude of the contact angle area.
In the contact zone, in addition to contact pressure, there acts tangential stress r connected with the contact pressure p(, t) by Amonton-Coulomb law
where f is the friction coefficient of the pair ''a hub-plunger.'' The tangential forces (friction forces) r , t ð Þ help to heat-release in the contact zone. General amount of heat per a unit time is proportional to the power of friction forces, and the amount of heat released at the point of the contact zone with the coordinate equals
where V is the mean rate for the period of displacement of the plunger with respect to the hub. General amount of the heat Q , t ð Þ will be consumed in the following way: heat flow to the hub Q b , t ð Þ and similar flow Q 1 , t ð Þ of heat to increase in temperature of the plunger, i.e.
For radial displacement of the hub we will have
Here, 1e are radial thermo elastic displacements of the contact surface points of the hub; 1w are the displacements caused by the wear of the hub's surface.
For simplifying the problem, we ignore the displacements caused by the crushing of microprojections of the hub's surface. Analysis of a contact problem with regard to roughness of the contact pair details was conducted by Mirsalimov (2009c) . Similar to equation (2), we can write relations for radial displacement 2 of the plunger
Wear of friction pair details is considered to be abrasive. Rate of change of displacement of the surface at wear of the hub's material will be (Goryacheva, 1998 (Goryacheva, , 2001 
where K b is the coefficient of wear of the hub's material. At the frequency motion of the plunger is rather great, we consider the problem as stationary one. In this case, the hub's temperature T r, ð Þ satisfies the differential equation of heat conduction theory ÁT ¼ 0 and boundary conditions
Here, is the coefficient of heat conductivity of the hub; Á is the Laplace operator; Ã 1 is the coefficient of heat transfer from the internal surface of the hub; 2 is the coefficient of heat transfer from the external cylindrical surface of the hub with external medium of temperature T c ; A T 1 is the heat absorbing surface; A T 2 is the cooling surface; Q Ã is a part of the amount of heat released at friction necessary for heating the hub; Q Ã ¼ Q b on the contact area; and Q Ã ¼ 0 out of the contact area.
In the workflow of the friction pair, the boundary conditions of thermoelasticity problem for a hub will be of the form on the contact area :
on the crack faces :
Here, r , , and r are the stress tensor components, r and are radial and tangential components of the displacement vector of the contour L 0 ; g ð Þ is the sought-for function of displacements of the points of the external contour L of the hub; i 2 ¼ À1. In a similar way, we state the thermoelasticity problem for determining displacements 2e of the contact surface of the plunger
A thermoelasticity problem for determining the displacements of the contact surface of the plunger is stated in the same way. The quantities 1 and 2 being the ends of the contact area of the hub and plunger are unknown beforehand. For determining them, we use the condition (Muskhelishvili, 1977) expressing that the pressure p ð Þ continuously goes to zero when the point out goes beyond the contact area
For finding the function g ð Þ of displacements of the points of the external contour L of the hub, the problem statement should be complemented with the condition (criterion) of definition of the function g ð Þ.
As such a condition of definition of the function of displacements of the points of the contour L (of the function g ð Þ), we accept that in the workflow of the friction pair, at the crack vertices there should appear the end zones whose faces interlock, i.e. make contact. Closing of the crack faces at the end zones adjoin to the crack vertices, retains the crack propagation at its ends and by the same token retards the fracture process of the hub of a friction pair.
Thus, it is required to determine the function of displacement of the point of the external contour L of the hub (of the function g ð Þ) so that the stress-strain field formed by it in the workflow of the friction pair could provide the closure of the crack faces at the end zones adjoining to the crack vertices.
At the end zones where the closure of the crack faces happens, the crack opening should vanish
This additional condition admits to define the sought-for function g ð Þ of displacements of the points of the external contour L of the hub.
Method of solution
For solving the stated inverse problem, the joint solution of the contact problem and the fracture mechanics problem is necessary. The solution of the boundary value problem of heat conductivity theory is sought by the method of separation of variables. We find the distribution of excess temperatures for the hub t b ¼ T À T c in the following way: (4)). Because of awkwardness, we do not cite these formulas.
For solving the thermoelasticity problem, we use thermoelastic potential of displacements (Parkus, 1959) . In the problem under consideration, the thermoelastic potential of displacements for the hub F r, ð Þ is determined from the solution of the following differential equation
Here, is the coefficient of linear temperature extension for the hubs material. We look for the solution of equation (9) in the form
For the functions f n r ð Þ, f Ã n r ð Þ, we get ordinary differential equations
whose solutions are found by the method of variation of constants
After determining the thermoelastic potential of displacements for the hub by means of the known formulas (Parkus, 1959) , we calculate the stresses " r , " , " r and displacements " r , " for the hub corresponding to the thermoelastic potential of displacements.
The found stresses and displacements for the hub will not satisfy boundary conditions (equations (5) and (6)). It is necessary to find for the hub the second stress-strain state: " " r , " " , " " r , " " r , " " such that boundary conditions (equations (5) and (6)) be fulfilled.
Consequently, for determining the second stress-strain state in the hub, we have the following boundary conditions on the contact area
out of the contact area : " "
on the crack faces : " "
Using the Kolosov-Muskhelishvili formulas, we can represent boundary conditions of problem (equations (1) to (11)) in the form of a boundary value problem for finding two analytic functions ÈðzÞ and ÉðzÞ for the hub.
We look for the analytic functions ÈðzÞ and ÉðzÞ in the form (Muskhelishvili, 1977; Panasyuk et al., 1977) 
Here, g 1 x 1 ð Þ is the sought-for function characterizing the rupture displacements when passing through the line of the crack
Requiring analytic functions (equations (12) to (14)) to fulfill the boundary conditions of problem (equation (10)), we get an infinite system of equations with respect to the coefficients a k and b k . The first part of this system contains the coefficients of expansion of the function g ð Þ of displacements of the points of the external contour L of the hub
and also the integrals from the sought-for function g 1 t ð Þ.
The solution of this system, i.e. the expression of the a k , b k with respect to the quantities A k , k , k and the integrals from the function g 1 t ð Þ is not difficult (see Muskhelishvili, 1977; §59) . Satisfying by functions (12) to (14) boundary conditions (11) on the crack faces, we obtain a singular integral equation with respect to the unknown function g 1 x 1 ð Þ
Here, the variables x, t, ' 1 are pure quantities referred to R 0 , R 11 , S 11 are determined by the relations (VI. 61) of the book (Panasyuk et al., 1976) .
To the singular integral equation for the internal crack, we should add an additional equality expressing the condition of uniqueness of displacements by tracing the cracks contour
By means of complex potentials (12) to (14), Kolosov-Muskhelishvili formulas, and integration of kinetic wear equation (3) of the hub's materials we find radial displacement 1 of the hub's contact surface.
A thermoelasticity problem for a plunger and kinetic equation of wear of the plunger's material is considered in the same way. Radial displacement 2 of the plunger's contact surface is found. The found quantities 1 and 2 are substituted into the basic contact equation (1). For the algebraization of the basic contact equation, the sought-for functions of the contact pressure are sought in the form of expansions
For constructing the resolving algebraic system in order to find the sought-for coefficients k , k , we equate the coefficients at identical trigonometric functions. As a result, we get an infinite algebraic system with respect to
. .), and 1 k , 1 k so on. Because of unknown quantities 1 and 2 , the system of equations becomes nonlinear.
At additional condition (16), by means of the algebraization process, the singular integral equation (15) is reduced to the systems of M algebraic equations for determining M unknowns
where
If in equation (18) we pass to complexly conjugated values, we get one more M algebraic equations. The obtained systems of equations with respect to a k , b k , k , k , g 1 t m ð Þ (m ¼ 1,2,. . .,M) admit at the given function of displacements of the points of the external contour L of the hub to find the stress-strain state of the hub of a friction pair hub in the presence of the crack in the hub, contact pressure, stress intensity factors in the vicinity of the crack apexes, temperature distribution, and abrasive wear of the friction pair details.
In the stated design optimization problem, it is required to determine the function of displacements of the points of the external contour L of the hub. The coefficients A k k ¼ 0, AE 1, AE 2, . . . , ð Þ should be determined. Consequently, the obtained combined algebraic system is not yet closed.
For constructing the missing equations, we require the conditions (8) to be fulfilled at the nodal points belonging to the end areas at which the closure of the crack faces must happen.
In the considered case instead of equation (8), it is convenient to use the expression for the derivative of the crack faces opening. Thus, the missing equations are obtained in the form
where M 1 is the number of the nodal points belonging to end zones.
Method of numerical solution and analysis
The joint solution of the obtained systems of equations admits to find approximate values of the coefficients a k , b k , k , k , of the values of the functions 1 t m ð Þ, u 1 t m ð Þ (m ¼ 1,2,. . .,M) and coefficients of the function of displacements of the points of the external contour L of the hub A k k ¼ 0, AE 1, AE 2, . . . , AE M 1 ð Þ . As we beforehand give the end zone sizes, the system (19) of algebraic equations becomes linear. But the combined system of equations because of unknown quantities 1 and 2 becomes nonlinear. For solving it, we use the successive approximation method whose essence is the following. We solve the combined algebraic system at some certain values and the values of remaining unknowns corresponding to them generally speaking, will not satisfy equation (7). Therefore, choosing the values of the parameters 1 and 2 , we will repeat the calculations until the last equations of system (7) will be satisfied with the given accuracy.
The problem under consideration has many free parameters. These are various thermophysical and mechanical characteristics of the materials, geometrical sizes of the hub, motion rate of the plunger. In this connection, for an example of calculation a borehole sucker oil pump at different motion rates of the plunger was taken.
In place of constants, the following parameters were accepted: 2R 0 ¼ 43, 12 mm, 2R ¼ 57 mm, and 2R
The results of calculations for the function of displacements of the points of the external contour L of the hub are given in Tables 1 and 2 (the coefficients were given in dimensionless form).
After solving of the algebraic systems, the contact pressure was calculated as a function of polar angle for different values of the free parameters. The results of calculations of the contact pressure for the borehole sucker-rod oil pumps depending on the values of polar angle Figure 2 for the velocity of plunger motion V ¼ 0.2 m/s in the case of a single crack for 1 ¼ 45
.
is corresponding to the optimal solution and curve 2 is corresponding to case when the function of displacements of the external contour points of the hub of a friction pair is equal to zero. The large values, as a rule, are in the middle of the contact surface depending on the contact angle and the friction coefficient. With known contact pressure is possible to calculate the temperature distribution and abrasive wear of the friction pair details. We studied the temperature change for different depths on thickness of the hub. Graphs of the temperature change in the hub for one stroke of the plunger for different velocity of plunger motion are represented in Figures 3 and 4 . Here, solid lines correspond to the optimal solution, dashed lines correspond to case when the function of displacements of the points of the external contour of the hub is equal to zero. Curve 1 is corresponding to the surface temperature of the hub and curve 2 is corresponding to temperature on depth of 1.5 mm. The results of calculations of the abrasive wear of the hub surface for one stroke of the plunger is shown in Figure 5 for different velocity of the plunger motion. Here, curves 1-3 correspond to the velocity V ¼ 0.2, 0.5, and 1.0 m/s, respectively.
Analysis of the calculation results shows that at low values of the contact pressure the hub wear along the length of the contact zone have uneven character and is mainly formed by the change of the contact pressure. By increasing the contact pressure, the hub wear along the length of the contact zone tends to level, and mainly depends on wear (friction) path. The friction coefficient of the pair has significant effect on the wear of the friction pair hub. In this connection dependence of maximum wear on the friction coefficient was calculated. In Figure 6 , the dependence of maximum wear is shown for friction path corresponding to 10 work hours of the pump. Here, curve 1 corresponds to the optimal solution and curve 2 corresponds to case when the function of displacements of the external contour points of the hub is equal to zero.
In course of time surface microgeometry of the hub and plunger will vary due to the wear. Obtained in the work relations for the radial wear allow to determine the variation of friction surface on considering moment of time.
Dependence of the stress intensity factors on the parameter ¼ ' 1 =ðR À R 0 Þ is shown in Figures 7  and 8 for the different velocity of the plunger motion for the function of the displacements of the external contour points of the hub of a friction pair equal to zero. Here, p 0 ¼ P 4EÁ . In the calculations, it was assumed that M ¼ 20; 40. Numerous studies show that the number of collocations M should not be less than 20. The infinite algebraic systems respectively the coefficients k , k were reduced to k ¼ 5, 7, 9 equations. The system (19) that serves to find the Fourier coefficients of sought-for function, also was reduced to m 1 ¼ 5, 7, 9 equations. It should be noted that the values of the sought-for coefficients are not substantially changed since M ¼ 20, k ¼ 5, m 1 ¼ 5.
If the crack by one end reaches the internal surface of the hub, equality (16) is replaced by an additional condition expressing the finiteness of stresses at the crack edge.
Note that the place where the crack faces make a contact, i.e. at the end areas, there will arise normal q y 1 x 1 ð Þ and tangential q x 1 y 1 x 1 ð Þ contact stresses. For determining them, at the already known function of displacements g ð Þ of the points of the external contour L of the hub, it is necessary again to solve a fracture mechanics problem for a crack with partially contacting faces. The method for solving such problems for a hub of a friction pair was developed by Mirsalimov (2009c) .
Conclusions
Experimental data of operating practices of friction pair convincingly show that on the design stage of new constructions of mobile interfaces it is necessary to take into attention the cases when the cracks may arise at separate friction nodes (a hub). The resolving equations obtained in the paper admit at the given function of displacements of the points of the external point of the hub, by means of numerical calculations, by determining the stress intensity factors to predict the crack growth existing in the hub; to establish admissible level of defectiveness and maximum values of the work loads providing sufficient safety margin. The solution of the inverse problem on definition of the function of displacements of the points of the external contour of the hub, admits on the design stage to choose optimal geometrical parameters of friction pair elements providing increase of loadbearing capacity.
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